Tunable fibre lasers draw intensive attention because their emission wavelength can be systematically tuned within a certain spectral range, which allows using a single laser source instead of several sources. This is convenient and cost-effective for many applications in a range of fields, such as telecom, material processing, microscopy, medicine and imaging and so on. The laser wavelength can be tuned in a certain range of wavelength by inserting wavelength-selective elements into the laser's optical cavity. This chapter describes the twin core fibre (TCF)-based filters, which work as the wavelength-selective element. They are introduced into the ring cavity to implement tunable single-, dual-and multi-wavelength fibre lasers. First, we deduced the coupled-mode theory of TCF-based filter. Second, we experimentally and numerically characterized the optical properties of TCF-based filters including free spectral range, polarization dependence, strain effect and bending effect. Finally, we investigated three tunable fibre lasers which operate at single-, dual-and multi-wavelengths, respectively. The operation mechanism of the fibre lasers mainly involved the elastic-optic effect, polarization hole burning effect and non-linear optical loop mirror. We emphasized the tuning mechanism and the tuning characteristics of the tunable fibre lasers.
Introduction
Tunable fibre lasers draw serious attention because their emission wavelength can be systematically tuned within a certain spectral range, which allows using a single laser source instead of several sources. This is convenient and cost-effective for many applications in a range of fields, such as telecom, material processing, microscopy, medicine and imaging and so on.
Especially in a wavelength division multiplexing system, the tunable laser is recognized as a backup light source for fixed wavelength laser replacement, with the motivating factors being cost savings and potentially higher system reliability.
Tuning the laser wavelength across a certain wavelength range can be achieved by placing wavelength-selective elements into the laser's optical cavity to provide a particular wavelength selection. Free space filters based on opto-VLSI processor [1] or two-dimensional (2D) dispersion arrangements [2] have been used as wavelength-selective elements for realizing tunable fibre lasers. These filters can provide relatively small tuning steps. However, these devices often suffer from high insertion loss which results in a low side-mode suppression ratio (SMSR). By contrast, in-line fibre filters have been widely used in the laser cavity due to the advantages of low insertion loss, compactness and integration in all fibre laser systems. Conventional Fibre Bragg gratings (FBGs) in single-mode fibres have been used for realizing tunable single-wavelength fibre lasers by highly stretching or bending the FBGs in the laser cavity [3, 4] . Various special fibre-grating structures have been designed to implement dualwavelength fibre lasers, including a pair of identical FBGs [5] , polarization maintained FBGs [6] , multimode FBGs [7] and phase-shifted FBGs [8] . Besides the FBGs, a series of modal interferometers draws more attention on tunable single-wavelength fibre lasers due to their easy fabrication and low cost. These modal interferometers can be constructed by using fibre tips [9] , two tapers [10, 11] , and multimode fibres [12, 13] . High-birefringence Sagnac loop mirrors (HiBi-SLMs) [14, 15] and Lyot birefringence filters [16] were also employed to provide C-and L-band tunable fibre lasers. The modal interferometers and HiBi-SLMs usually lead to polarization hole burning effect which can weaken the homogeneous gain broadening of the erbium-doped fibre (EDF) and help to understand multi-wavelength fibre lasers. Generally, these lasers were switched to operate in dual-/three-wavelength oscillation by adjusting the polarization controllers (PCs). More effective mode suppression techniques have been exploited to obtain more wavelength emissions at room temperature, including phase modulation [17] , four-wave mixing [18] , Raman scattering [19] , Brillouin scattering [20, 21] and a non-linear optical loop mirror (NOLM) [22, 23] .
In this chapter, twin core fibre (TCF)-based filters acting as the wavelength-selective element are proposed to achieve tunable single-, dual-and multi-wavelength erbium-doped fibre lasers. This chapter is structured as follows: in Section 1, we will give an overview of the recent development in tunable fibre lasers; in Section 2, we will give the coupled-mode theory of TCFbased filter; in Section 3, we will characterize the optical properties of TCF-based filter, both experimentally and numerically; in Section 4, we will introduce three tunable fibre lasers which operate at single-, dual-and multi-wavelengths, respectively and the conclusion will be given in the fifth section.
rod; then the rectangular groove was filled with two small-diameter Ge-doped silica rods and some other small-diameter pure silica rods; finally the rods were fixed in a pure silica jacket tube. Figure 1 (a), (b) and (c) illustrates the original preform, micrograph image of the TCF cross section and the magnified micrograph image of the core region, respectively. The diameters of the core and cladding are approximately 6.4 µm and 130 µm, respectively. The separation between the two core axes is 14.2 µm. The difference of the refractive index between the core and cladding is Δ = 0.296%. We intended to fabricate a TCF with two identical cores. Unfortunately, the two cores in the fabricated TCF have a tiny difference in the geometry shape. In order to evaluate the optical properties accurately, we applied a digital image processing technology to model and rebuild the geometry of the TCF [24] , as shown in Figure 1(d) . The rebuilt TCF will be used in the numerical analyses in Section 3. In TCF, light couples back and forth between the two cores. Assuming that light launches into core 1, output amplitude of core 1 can be characterized by using the mode-coupled theory with symmetric and anti-symmetric mode [25] : 
where λ is the wavelength of light in a vacuum, L 0 is the length of the TCF, n e and n o are the effective refractive indices (ERIs) of the symmetric and anti-symmetric mode, respectively, n 1 and n 2 are the ERIs of the two cores when the modes in the two cores propagate independently, β 1 and β 2 are the corresponding propagation constants of core 1 and core 2, K is the coupling coefficient between the fundamental modes of two cores and superscripts x and y represent two orthogonal polarization states.
For a normalized incident light with a given state of polarization (SOP), the electric field can be given as 2D-column vector:
where θ is the angle between the polarization direction of the incident light and the xpolarization direction. The transmission matrix of the TCF can be expressed as
Therefore, the output field E out can be analyzed with the following Jones matrix representation:
Substituting Eq. (1) into Eq. (5), the output power in core 1 can be expressed as [26] ( ) ( ) ( ) ( ) ( ) ( 
If two cores have identical refractive index and diameter, the two cores have the same propagation constants which result in β = β 1 = β 2 , δ = 0 and S = K . Thus, Eq. (6) can be rewritten as ( ) ( )
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where K 0 = 2π / λ is the wavenumber in vacuum at the wavelength λ, a is the core radius, d is the separation between the two core axes, n co and n cl are the refractive indices of the core and cladding, respectively, ∆ is the difference between refractive indices of the core and cladding and K 0 and K 1 are the zero order and first order of modified Bessel functions of the second kind, respectively.
Characterization of TCF-based filter
The TCF-based filter is formed by splicing a section of TCF between two segments of SMFs as shown in Figure 2 (a). The splicing between the TCF and the SMF is carried out by using an Ericsson fusion splicer (FSU 975) in manual operation mode. We used an active monitoring mode to make the SMF align to one core of the TCF. One end of the SMF was connected to a broadband light source, and one end of the TCF was connected to a power meter through a bare fibre adapter. The other ends of the SMF and TCF were placed in fibre holders of the splicer. We manually adjusted the position of the SMF and TCF by driving the motors in the splicer. When the output power reached the maximum value, we concluded that the SMF was aligned to one core of TCF. Then, we adopted a low-power arc to splice the SMF and TCF. Figure 2 (b) shows the micrograph image of the splicing joint between TCF and SMF, which indicates that one core of TCF is precisely aligned to the core of SMF. Theoretically, we used the finite element method to evaluate the optical properties of TCF. The TCF structure used for numerical calculation is the rebuilt geometry as shown in Figure 1(d) .
The refractive index of the cladding, n cl , is set as the refractive index of pure silica using Sellmeier equation and the refractive index of the core is obtained through equation In the following Sections 3.1-3.4, we will investigate four optical properties of TCF-based filters, including free spectra range (FSR), polarization dependence, strain effect and bending effect. All the optical properties are closely related to the tunable fibre lasers discussed in Section 4. In short, the free spectra range mainly determines the tuning range of the fibre laser. The polarization dependence ensures stable dual-wavelength oscillations. The strain effect and bending effect help exactly reflect the tuning mechanism of the fibre lasers.
Free spectra range
In the TCF-based filter, the light from the SMF is launched into one core of the TCF at the first splicing point. Then, light couples back and forth between the two cores along the TCF. At the second splicing point, a comb-like spectrum was expected according to the coupled-mode theory in Section 2. The transmission dips and peaks occur when the following phase condition is satisfied:
( )
where m is an integer. The separation of the adjacent dips/peaks can be defined as the free spectra range [28] :
which indicates that the FSR is inversely proportional to both the length of TCF and the derivative of the coupling coefficient with respect to wavelength. On the other hand, we calculated the coupling coefficient K as shown in Figure 3 
Polarization dependence
To theoretically evaluate the polarization dependence of the TCF, we numerically calculated the ERIs of n e , n o , n 1 and n 2 as shown in Table 1 . Substituting the calculated ERIs into Eq. (2) and combining with Eq. (6), we can obtain the theoretical spectra of the TCF-based filter with different SOPs, as shown in Figure 4 (a). It can be found that the position of the transmission peak varies with the SOPs. The theoretical wavelength spacing between the transmission peaks with x-polarization and y-polarization is 1.6 nm. Furthermore, the transmission peaks with SOPs at θ and ( π / 2 − θ ) are located symmetrically from each other with respect to the transmission peak with SOP at θ 45°.
In the experiment, we used a polarizer to obtain the linear polarized light from a broadband light source. A polarization controller was used to induce only rotation of this light. Figure  4 (b) illustrates the evolution of transmission spectra of the TCF-based filter when the PCF was adjusted. It can be found that the maximum wavelength shift of the transmission peak is 1.2 nm, which is defined as the wavelength spacing between transmission peaks with x-polarization and y-polarization. Such experimental results agree well with the theoretical prediction as shown in Figure 4 (a), even though the values of wavelength spacing and the FSR have tiny differences. Two causes can be considered to explain the difference. One is error of the parameters used for the theoretical calculation, including the geometric dimensions and the refractive indexes. The other is the non-uniformity of the homemade TCF in the longitudinal direction. Above all, theoretical and experimental results prove that a TCF-based filter is Table 1 . Effective refractive indices at λ = 1550 nm.
Strain effect
As TCF-based filter is applied to axial strain, the refractive index of both core and cladding will decrease according to the photo-elastics [29] :
where ε z is the axial strain, P 11 = 0.12 and P 12 = 0.27 are the photo-elastic constants for the silica and μ = 0.17 is the Poisson ratio. According to Eq. (12), the decreasing magnitude of the core refractive index is larger than that of the cladding refractive index, which induces a decrease in the refractive index difference between core and cladding. Such a decrease in the refractive index difference would make the electric field of the fundamental core mode extend further to the cladding, thus enhancing the coupling of the two cores, and the coupling coefficient increases as shown in Figure 5 (a). 
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On the other hand, it is worth noting that the coupling coefficients also depend on the wavelength. As the wavelength is increased, the evanescent fields extend further away from the fibre core, the mode overlap increases and as well as the coupling coefficient. As discussed, when the TCF-based filter is stretched, the coupling coefficients would increase because of the elastic-optic effect. In order to keep the phase condition of the transmission peak unchanged in Eq. (10), the wavelength should shift to the short wavelength direction to give an opposite variation of coupling coefficient. Therefore, it is expected to find a 'blue' shift of the transmission peak when the TCF-based filter is stretched. To investigate the strain effect experimentally, the TCF-based filter with a TCF length of L 0 = 1.1 m was fixed by two fibre holders adhered to stages. The initial distance between the two stages is around L = 1.15. The fibre was stretched by manually moving the right stage away from the left one, with a 10-µm precision. To qualify the stretching, the displacement of the moving stage is defined as δz which gives rise to an axial strain ε z = δz / L , δz was increased from 0.0 to 3.0 mm with an interval of 0.1 mm. Correspondingly, the axial strain was increased from 0.0 to 2608.7 µε with a step of 86.9 µε. We recorded the transmission spectra of the TCFbased filter at each axial stain. Figure 5 (b) illustrates the transmission spectra when ε z = 0, 869.6, 1739.1, and 2608.7 µε. Figure 5 (c) illustrates the evolution of peak wavelength. It can be found that the transmission spectrum shifted toward the shorter wavelength direction. This point agrees with the theoretical prediction implied by the coupling coefficient in Figure 5 (a). In detail, the peak wavelength shifts linearly with an increase in axial strain. The sensitivity is around 1.15 pm/ µε.
Bending effect
Figure 6(a) shows that the TCF is bent with a curvature radius of R. In order to simplify the theoretical calculation, the two cores were assumed to be located in the bend plane. The centre position between two cores is defined as the coordinate zero point. The bending direction is represented by the negative x-direction. Core 1 and core 2 are located in the negative x-direction and positive x-direction, respectively.
When the bending is applied to TCF, the part on outside of the bend (positive x-direction) is in tension, and the part on inside of the bend (negative x-direction) is in compression. According to the elastic-optic effect, the refractive indices of the outside part and inside part in the TCF increase and decrease, respectively. The refractive index profile in the x-direction can be expressed by equivalent refractive index model [30] :
where C = 1/R is the curvature and n(x) and n'(x) are refractive index profiles when the TCF is straight and bent, respectively. . It can be found that the refractive indices of core 1 and core 2 decrease and increase, respectively.
When the TCF is straight, the two cores have identical refractive index, which results in the same propagation constant β 1 = β 2 at C = 0 m −1
. When the curvature is gradually increased, the propagation constants of core 1 and core 2 linearly increase and decrease in accordance, respectively, with the refractive index variation of the two cores, as shown in Figure 6 (c). As a result, the magnitude of δ in Eq. (10) is increased, as shown in the inset of Figure 6 (c).
According to Eq. (10), the phase condition of transmission dips is determined by both δ and K. As discussed, the bending TCF would induce an increase of δ, and a longer wavelength gives larger K as shown in Figure 3(c) . In order to keep the phase condition of transmission dip in Eq. (10) unchanged, the wavelength of transmission dips should shift towards the shorter wavelength direction to give an opposite variation of coupling coefficient when TCF is bent. Therefore, a 'blue' wavelength shift of the transmission dip is expected when the TCFbased filter is bent. Experimentally, we chose the TCF based-filter with a TCF length of L 0 = 86.9 mm to evaluate the transmission spectral evolution when the TCF was bent [31] . The TCF-based filter was fixed Fiber Laserby two stages. In order to protect the splice points between TCF and SMF, the stages were placed away from the splice points. Hence, the initial distance between the two stages was L = 103.9 mm. The curvature of the sensor head was adjusted by manually moving one stage towards another one with a 10-µm precision. The bent fibre is normally approximated as an arc of the circle. So the curvature C of the sensor is defined as
where h is the displacement at the centre of the TCF-based filter and R is the curvature radius.
Initially, four resonance dips were found at 1461.82, 1510.38, 1558.58 and 1607.90 nm when the TCF-based filter was straight. Figure 7(a) illustrates the evolution of the transmission spectra of the TCF-based filter when its curvature was increased from 0 to 9.3 m −1 gradually. It can be found that the spectra shifted towards the shorter wavelength direction, which agrees with the theoretical prospect discussed earlier. Generally, if the curvature is large enough, the resonance dip would shift to the initial position of the adjacent dip, which makes it hard to distinguish the wavelength shift. Therefore, the FSR of the filter generally determines the maximum wavelength shift that can distinguished. . It can be found that the resonance dip with a larger resonance wavelength gives rise to a larger measurement range. In addition, the measurement range can be further increased by selecting a shorter TCF, because the FSR is inversely proportional to the TCF length according to Eq. (11).
Tunable fibre lasers
The tunable fibre lasers were constructed by using a ring laser cavity as shown in Figure 8(a) . A 980-nm diode laser is injected into the laser cavity through a wavelength division multi-plexor (WDM) to pump the erbium-doped fibre. A polarization-dependent isolator (PDI) is used to ensure that the laser oscillates in a single direction around the ring. The polarization controller is used to adjust the SOP of the light. The laser output is monitored by the optical spectrum analyser (OSA, YOKOGAWA, AQ6370C) from the 5% port of a 95:5 fibre coupler. In the following three subsections, we will investigate three in-line filters to implement the tunable single-, dual-and multi-wavelength fibre lasers. 
Dual-wavelength and single-polarized fibre laser
In this work, we proposed and experimentally demonstrated a tunable dual-wavelength and single-polarized fibre laser by use of a TCF-based filter [26] . Figure 8(b) illustrates the TCFbased filter with a TCF length, L 0 , of 1.1 m. In this section, we first presented the principle of the dual-wavelength fibre laser. Second, we evaluated the tunability of dual-wavelength spacing by adjusting the PC and investigated the lasing wavelength shift by stretching the TCF. Finally, we verified the single-polarized operation of the dual-wavelength fibre laser.
In the dual-wavelength fibre laser, the TCF-based filter simultaneously works as the wavelength selector and the polarization-dependent element. The TCF-based filter gives rise to a comb transmission spectrum. The SOP of the wavelengths is adjusted by using the PC, and the wavelengths with particular SOPs could become transmission peaks according to Figure  4 . The polarization dependence of the TCF is helpful for inducing the PHB effect and in turn simultaneously amplifying the particular transmission peaks and achieving stable dualwavelength oscillation.
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At first, a single wavelength was obtained at λ = 1559.2 nm, then the single-wavelength was split into two wavelengths when the PC was slightly adjusted, as shown in Figure 9 (a). The dual-wavelength fibre laser has a 3-dB line width of 0.047 nm and an SMSR of 40-52 dB. The maximum difference between the peak powers of the two wavelengths is around 1.2 dB. The wavelength spacing between the two wavelengths can be tuned from 0.1 to 1.2 nm by adjusting the PC. For fixed wavelength spacing, the simultaneous tuning characteristic of the dual-wavelength laser was investigated by stretching the TCF-based filter. As discussed in Section 3.3, the transmission spectrum of the TCF-based filter exhibited a 'blue shift' when it was stretched. In contrast, the value of wavelength spacing remained unchanged because the birefringence of the TCF hardly changed. Therefore, we found that the two lasing wavelengths can be simultaneously tuned towards the shorter wavelength with fixed wavelength spacing. Dualwavelength lasing with wavelength spacing of 0.4, 0.8 and 1.2 nm was linearly tuned over 1.7, 1.0 and 0.8 nm, respectively. Here, we give only the measured results of dual-wavelength lasing with wavelength spacing of 0.4 nm as shown in Figure 9 (b). When the TCF was stretched by an increment length of δz = 0.1 mm, two lasing wavelengths simultaneously moved with a step of 0.1 nm, as shown in Figure 9 (c).
To study the SOPs of the dual-wavelength output, the laser output was connected to a polarization beam splitter (PBS) through a PC. The x-and y-outputs of the PBS were injected into the OSA to evaluate the dual-wavelength spectrum at two orthogonal polarizations. We adjusted the PC to make the two wavelengths polarize at x-axis and y-axis, respectively. Figure  10(a)-(d) shows the measurement results of dual-wavelength lasing with wavelength spacing of 0.2, 0.4, 0.8 and 1.2 nm. It can be found that the out spectrum at the x-axis or y-axis has only one dominating wavelength, while the other one is substantially suppressed. The crosspolarization suppression between the two wavelengths is more than 30 dB, which means the two wavelengths are orthogonal in polarization and the dual-wavelength laser operated on a single-polarization state. 
Tunable single-wavelength fibre laser
In this work, we proposed and experimentally demonstrated a C-band tunable singlewavelength fibre laser by cascading two TCF-based filters [33] . Figure 8(c) illustrates the cascaded TCF-based filters with TCF lengths of 0.14 and 1.37 m. In this section, we discussed the tuning mechanism by characterizing the two TCF-based filters and investigated the tunable characteristics of the proposed tunable single-wavelength fibre laser by bending one TCFbased filter and stretching the other one. Figure 11 illustrates the tuning equipment of the cascading TCF-based filters, which consists of three transmission stages. Filter 1 was fixed by the left and middle stages with an initial distance of L 1 = 0.20 m, and filter 2 was fixed by the middle and right stages with an initial distance of L 2 = 1.43 m. The up and mid panels of Figure 12 (a) illustrate the transmission spectra of the two individual TCF-based filters, which indicate that the two filters have an FSR of 28.6 and 2.9 nm. The lower panel of Figure 12 (a) illustrates the spectrum of the combined structure. It can be found that the output of the cascading filters is a superposition of a slowly varying We coarsely tuned the cascaded spectrum by bending TCF-based filter 1 and finely tuned the spectrum by stretching the TCF-based filter 2. Filter 1 is bent by moving the left stage towards the middle one. The moving distance of the left stage (δl 1 ) is increased from 0 to 1.9 mm with a step of ~0.25 mm. Figure 12(b) illustrates the evolution of the spectra. It can be found that the dense fringes are nearly located at the same position, and the envelope shifts towards the shorter wavelength. The envelope selects one of the dense peaks as the highest transmission peak (square symbols). The highest transmission peak can be tuned over the wavelength range of 23.2 nm with a coarse step of 2.9 nm which is determined by the FSR of TCF-based filter 2. In order to realize a fine wavelength tuning, TCF-based filter 2 is stretched by moving the right stage away from the middle one. The moving distance of the right stage (δl 2 ) is increased from 0 to 3.0 mm with steps of 0.25 mm. Figure 12 (c) illustrates the evolution of spectra when we stretched filter 2. It can be found that the envelope almost remains unchanged while the dense fringes shift towards a shorter wavelength. The highest transmission peaks can be finely tuned over the wavelength range of 2.9 nm with a certain fine step which is dependent on the strain applied on filter 2. In conclusion, the envelope and the dense fringes of the transmission spectra can be separately tuned by bending and stretching filters 1 and 2, respectively.
Tunable mechanism

Characterization of tunable laser
The fibre laser was coarsely tuned by bending TCF-based filter 1 and finely tuned by stretching the TCF-based filter. Figure 13(a) illustrates the evolution of lasing spectra when we bent filter 1. It can be found that bending filter 1 makes the envelope shift towards shorter wavelengths and selects the transmission peak of filter 2 for lasing in a series of steps with a separation of 2.9 nm. Figure 13(b) illustrates the evolution of lasing spectra when we stretched filter 2. It was found that the lasing wavelength finely changed with a step of 0.22 nm. Figure 13(c) illustrates the whole tuning process. First, we obtained the initial single-wavelength lasing at 1565.00 nm. Second, we stretched filter 2 from δl 2 = 0 to 3.0 mm with a step of 0.25 mm and obtained fine lasing wavelengths with a step of ~0.22 nm, e.g. from 1565.04 to 1562.26 nm (black dots). Third, we loosened filter 2 to the initial position and then bent filter 1 with δl 1 = 0.25 mm (black arrow), and another coarse lasing wavelength was selected for lasing with a separation of 2.9 nm from the last one, e.g. 1562.12 nm. Fourth, the second and third steps were repeated eight times. On further bending filter 1 and stretching filter 2, the lasing wavelength jumped from 1541.8 to 1565.04 nm. Consequently, the wavelength can be linearly tuned over the wavelength range of 23.2 nm (from 1541.8 to 1564.0 nm) with a uniform step of ~0.22 nm. The total number of tunable lasing wavelength is up to 105. When we characterized the laser properties, we increased the pump power from 10 to 500 mW. The cavity loss was around 7 dB including the splicing loss (~4 dB) between the SMF and the TCF and the insertion loss of other optical devices. Such cavity loss gives rise to a threshold pump power of 20 mW. When the pump power was 500 mW, the lasing output saturated at 2.27 dB. Hence, we measured all 105 laser spectra at a pump power of 500 mW. For good visibility, only half of the lasing spectra are plotted in Figure 14 . The SMSRs are 53 -58 dB, and Fiber Laserthe linewidth is ~0.05 nm. The intensity variation over the entire tuning range was less than ±0.1 dB.
Tunable multi-wavelength fibre laser
In this work, we proposed and experimentally demonstrated a tunable multi-wavelength fibre laser based on a non-linear optical loop mirror by using a compound filter [34] . Figure 8(d) illustrates the NOLM and the compound filter. The compound filter was formed by cascading a standard Mach-Zehnder interferometer (MZI) and a TCF-based filter. In this section, we first discussed the function of the NOLM as an amplitude equalizer. Second, we discussed the tuning mechanism by characterizing the transmission spectra of the standard MZI, the TCFbased filter and the compound filter. Third, we investigated the tunable characteristics of the proposed tunable multi-wavelength fibre laser by bending the TCF. Finally, we discussed the influence of the length of the TCF on the laser characteristic.
Non-linear optical loop mirror
An NOLM is formed by splicing together the output ports of a 70:30 coupler. A 2-km SMF is inserted inside the loop. The transmission of the NOLM is given as [23] :
where ρ is the splitting ratio of the coupler, ϕ = 2πn 3 PL 3 / (λA eff ) is the non-linear phase shift induced by the self-phase modulation and cross-phase modulation, n 3 is the non-linear refractive index coefficient, L 3 is the loop length, A eff is the effective fibre core area, λ is the operating wavelength, P is the input power and α is the additional linear phase difference induced by PC2 and the fibre twist.
According to Eq. (14), the transmission of NOLM is a cosine function of the total phase difference and varies with a change in α. When α is set to certain values by adjusting PC2, the NOLM can be biased at the negative feedback regime, and the transmissivity decreases with the input power. In such a case, the NOLM works as an amplitude equalizer to weaken the homogeneous gain broadening and suppress the mode competition. The multi-wavelength oscillations can be achieved at these particular PC settings.
Tuning mechanism
The standard MZI is established by connecting two 50:50 filters between which the fibre path difference of two arms is ΔL = 4.0 mm. The channel spacing of the standard MZI is ∼ 0.4 nm, as shown in the upper panel of Figure 15 (a). The mid panel of Figure 15 (b) illustrates the transmission spectrum of the TCF-based filter with a TCF length of L 0 =11.5 mm and an FSR of 37 nm. The compound filter is constructed by combining the standard MZI and the TCFbased filter, and its transmission spectrum is shown in the lower panel of Figure 15 (c). The fast-varying fine fringe pattern is modulated with a slow-varying one. The higher spatial frequency corresponds to the response of the standard MZI; the red line of the lower spatial frequency corresponds to the response of the TCF-based filter. In other words, the compound filter is a comb filter whose transmission peaks are modified in accordance with the shape of the spectrum of the TCF-based filter. The compound filter was tuned by bending the TCF. The TCF-based filter was fixed by two fibre holders adhered onto two stages with an initial distance of 25 cm. The filter was bent by moving the right stage towards the left one. To quantify the bending of the filter, we recorded the displacement of the moving stage; the initial position of the moving stage is defined as the zero point δl = 0.0 mm. Figure 15(b) illustrates the transmission spectra of the TCF-based filter (red lines) and the compound filter (black lines) when δl = 0.0, 0.8 and 1.3 mm. It can be found that the transmission peak (pentagram symbols) of TCF-based filters exhibits a 'blue shift' when δl is gradually increased. Because the transmissivity of the individual transmission peak of the standard MZI is modulated by the variation spectra of the TCF-based filter, the envelopes of the spectra of the compound filter also exhibit a 'blue shift'. In other words, the compound Fiber Laserfilter is tuned by moving its envelope towards the short-wavelength direction by bending the TCF.
The principle of the proposed tunable multi-wavelength fibre laser can be expressed as follows. The ASE spectrum of the EDF is reshaped to a comb-like transmission spectrum by the standard MZI. The intensities of the transmission peaks are modified by the TCF-based filter. Because lasing is established once the cavity loss is smaller than the EDF gain, only the peaks with high transmissivity (low loss) can oscillate. The transmission peak of TCF-based filter has the lowest insertion loss; hence, only the near region of the transmission peak would be selected for lasing simultaneously, as shown in the blue region of Figure 15(b) . The wavelength range of the blue region is determined by the balance between the EDF gain profile and the profile of the total cavity loss. The NOLM can work as an amplitude equalizer to enable the multiple transmission peaks to emit as lasing wavelengths. When the TCF is bent, the transmission band of the TCF-based filter shifts towards the short-wavelength direction to cover the different channels provided by the standard MZI. Thus, the corresponding multiple lasing lines shift towards the short-wavelength direction. As a result, a tunable multi-wavelength fibre laser is realized by bending the TCF.
Laser tunable characterization
To study the tuning characteristic, the moving stage was adjusted with a step of 0.05 mm. Figure 16 (a) illustrates that the lasing wavebands can be continuously tuned to cover a range of 24 nm from 1542 to 1566 nm. The lasing spectra were measured when the TCF was bent with δl = 0.0, 0.3, 0.8 and 1.3 mm (labelled 1-4, respectively). In the 3-dB spectral range, the lasing line amount in each lasing spectrum is around 12 peaks at least and 19 peaks at most. When δl = 0.0 mm, because the transmission peaks around 1532 nm have considerable intensities, the lasing spectrum 1 exhibits side modes around 1532 nm. Because the total fixed gain is shared by both side peaks and the lasing peaks, the lasing line amount is limited to 12 peaks in the lasing spectrum 1. When the TCF was bent, the transmission band of the TCFbased filter shifted towards the shorter wavelength direction and supressed the transmission peaks around 1532 nm, as shown in Figure 15 (b). When δl is in the range from 0.4 to 0.9 mm, the transmission dip of the TCF-based filter locates around 1532 nm, resulting in transmission peaks with relatively low transmissivities. Thus, the side peaks can be efficiently suppressed. Taking δl = 0.8 mm, for example, the spectrum of the compound filter is shown in Figure  15 (b), and the corresponding lasing spectrum is shown in Figure 16 (b). The lasing lines are enlarged in the inset of Figure 16 (b). It can be found that 19 lasing lines are located in the 3-dB spectral range. All lasing lines have an SMSR of 39 dB, a peak power of −28 dBm and a channel spacing of 0.4 nm. When we increased δl to 1.3 mm, the transmissivities of the peaks around 1532 nm increased as shown in Figure 15 (b), which induced an increment of the side peaks in the laser output, as shown in the laser spectrum 4 of Figure 16 (a). When we continually increased δl to 1.35 mm, the side peaks increased dramatically, as shown in Figure 16 (c). As a result, we concluded that the side peaks induced by the EDF peak gain mainly limited the tuning range of the proposed laser. In order to find out the relationship between the transmission spectrum of the TCF-based filter and multi-wavelength lasing spectrum, we plotted both the transmission peak of the TCFbased filter (blue pentagram symbols) and the centre of the lasing waveband (red circle symbols) as a function of δl, as shown in Figure 17 . It seems that the centre of the lasing waveband tracks the transmission peak of the TCF-based filter. This point proves that the tuning mechanism of the proposed tunable fire laser takes advantage of the variation transmission band of the TCF-based filter to select different channels of the standard MZI for realizing a tunable lasing waveband.
Influence of the TCF length on the tuning characteristic
In order to investigate the influence of the TCF length on the tuning characteristic, we fabricated two more filters with a TCF length of L 0 = 5.0 and 22 cm. Figure 18 Figure 18 (a). It can be found that the FSR of the filter is 84 nm which means it is difficult for such a large FSR to suppress the side peaks around 1532 nm. Therefore, the tuning range limited by the side peaks is decreased when we increased the length of the TCF. On the contrary, the large FSR also means a flat transmission waveband, which increased the lasing line amount. We carried out a reverse experiment by using a large length of TCF with L 0 = 22 cm. Figure   18 (b) illustrated the lasing spectrum. It can be found that two lasing wavebands oscillated simultaneously. To explain the two lasing wavebands, we also measured the transmission spectrum of the TCF-based filter, as shown in the inset of Figure 18 (b). It can be found that two transmission wavebands are located in the spectrum, which results in two lasing wavebands. Because the two bands shared the EDF gain, the SMSR of the lasing spectrum is drastically decreased to 21 dB. Summarizing the multi-wavelength fibre laser with TCF lengths of L 0 = 5.0, 11.5 and 22 cm, we can conclude that there is balance between the tuning range and the lasing line amount when we choose the length of the TCF. The shorter the TCF length, the narrower the tuning range and the larger the number of the lasing wavelengths.
Conclusion
In this chapter, we studied tunable single-, dual-and multi-wavelength fibre lasers by using TCF-based filters. First, we presented the coupled-mode theory of the TCF with symmetric and anti-symmetric mode and deduced the output of the TCF-based filter on the basis of the SOP of input light. Second, we experimentally and numerically characterized the optical properties of TCF-based filter including the free spectral range, polarization dependence, strain effect and bending effect. These optical properties are closely related to the tuning mechanism and tuning characteristics of the tunable fibre lasers. Third, we implemented three tunable fibre lasers which operate at single-, dual-and multi-wavelengths, respectively. In the case of a tunable single wavelength, the wavelength can be linearly tuned over 23.2 nm (from 1541.8 to 1564.0 nm), with a uniform step of ~0.22 nm. The total number of tunable wavelength is up to 105. In the case of a tunable dual-wavelength fibre laser, the single-polarized two wavelengths can be linearly tuned by stretching the TCF. The spacing of the two wavelengths can be tuned from 0.1 to 1.2 nm by adjusting the PC located before the TCF-based filter. In the case of a tunable multi-wavelength fibre laser, 19 wavelengths were tuned over 24 nm from 1542 to 1566 nm. After discussing the influence of the TCF length on the tunable multiwavelength fibre laser, it is concluded that there is balance between the tuning range and the wavelength amount when we choose the length of the TCF.
